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Abstract
Background: Creep-fatigue damage occurs under cyclic loading at elevated temperature.
The existing creep-fatigue models have limited ability to cover the full combination of
creep and fatigue behaviours, except with extensive prior empirical testing. Consequently,
they cannot effectively and efficiently be used for early engineering design.
Approach: We present a strain-based unified creep-fatigue formulation that overcomes
these limitations. We validate this equation against empirical data for multiple materials,
and shows it is able to cover full ranges from pure fatigue to pure creep. A simplified
formulation is developedwhere the coefficients are extracted through simple creep-rupture
tests. We show how the equation may be used in a design situation, by application to a
representative gas turbine blisk. Included here is a demonstration of how the equation may
be integrated into finite element analysis, which is an important practical consideration in
the design work flow.
Outcomes: The results demonstrate that the unified equation evidences fidelity to
empirical data for creep-fatigue behaviours for multiple metallic materials. The useful-
ness of this equation is the ability to identify candidate materials for creep-fatigue
loading situations. The ability to achieve this at relatively early design stages is advan-
tageous because of the economy and convenience provided.
Keywords: creep-fatigue, accuracy, economy, engineering design, turbine blisk
1. Introduction
Creep-fatigue failure results from the interaction of pure fatigue and creep, and is influenced
by temperature, frequency and applied loading. The conventional strain-based creep-fatigue
equations are quantitatively accurate in narrow areas of application, but suffer from poor
ability to generalize to other materials and loading regimes. Consequently, those equations
are ineffective and inefficient for engineering design. A recent development in the field is a
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unified formulation of creep-fatigue. The advantages of this unified creep-fatigue equation are
that it accommodates the crucial parameters (temperature, frequency and loading), covers
different materials, represents the full range of conditions from pure fatigue to pure creep and
is economical in the testing regime to determine coefficients. This chapter describes the unified
creep-fatigue equation and applies it to design. The theory can be applied to evaluate the
fatigue capacity of candidate materials at the early stages of design.
2. Desirable characteristics of a creep-fatigue method for design
For the perspective of engineering design, the development of a creep-fatigue method should
consider following four areas:
2.1. Unified characteristic
The unified characteristic is defined as the ability to predict fatigue life for multiple tempera-
tures and cyclic times for multiple materials. In this case, the desirable formulation should
accommodate all relevant variables (including temperature, cyclic time and applied loading),
and should present small difference between predicted life and experimental result under
multiple situations.
2.2. Integrated characteristic
The integrated characteristic refers to the ability to cover full range of conditions from pure-
fatigue condition to pure-creep condition. In this case, the desirable formulation should have
the ability to be transformed to the representations of pure fatigue and pure creep, and the
transformed formulations should be consistent with the general understanding of fatigue and
creep mechanisms.
2.3. Economy
A desirable engineering method for fatigue-life prediction should present good balance
between accuracy and economy. The economy of this theory can be assessed by evaluating
the life-prediction error with overall experimental cost. Generally, the higher sensitive a
numerical formulation has, the more experimental data are needed and the poorer economy
is presented.
2.4. Applicability to engineering design
An engineering-based creep-fatigue method should be effectively and efficiently applicable to
practical design process, where an economical, convenient and accurate method is represented
to engineers and designers. Such as, the creep-fatigue evaluation by using this formulation is
applied to the initial stage of design to select material or optimize structure.
Overall, a desirable creep-fatigue formulation for engineering design should have unified and
integrated characteristics, and present good economy and applicability to practical design.
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3. Brief review of existing creep-fatigue models
Creep-fatigue behavior is generally influenced by temperature and frequency/cyclic time,
wherein increasing temperature or decreasing frequency results in reduced fatigue capacity
due to intensified creep damage. Normally, the existing creep-fatigue equations were derived
from empirical data through curve fitting, and present the extension of the Coffin-Manson
equation (Eq. (1)) [1, 2]:
∆εp=2 ¼ ε
0
f 2Nf
 β
(1)
where ∆εp is the plastic amplitude, ε
0
f is the fatigue ductility coefficient, β is the fatigue ductility
exponent and Nf is the cycles to failure. The development of creep-fatigue model was firstly
attempted by Coffin, who proposed the frequency-modified Coffin-Manson equation (Eq. (2)) [3]:
εp ¼ C Nf f
k1
 β0
(2)
where f is the frequency and k is a constant obtained from experiments and is given different
values for different temperatures (temperature dependency is indirectly introduced). Then,
through directly integrating with temperature dependence, the frequency-modified Coffin-
Manson equation (Eq. (2)) was further developed to show the combined influence of temper-
ature on creep-fatigue. For example, Solomon proposed a creep-fatigue equation (Eq. (3)) [4]
for Sn40Pb solder:
εp ¼ C1 Tð Þ Nf f
k1
 β0
(3)
with
C1 Tð Þ ¼ 1:338 2 10
4T  1 105T2  2 107T3
where T is the temperature, βo = 0.5 and k is the constant and related to the frequency: k =0.42
for 6  105 Hz ≤f ≤ 3  104 Hz and k = 0.84 for 3  104 Hz ≤f ≤ 0.3 Hz. In addition, based
on the creep-fatigue tests on 63Sn37Pb solder, Shi et al. presented a creep-fatigue formulation
(Eq. (4)) [5]:
εp ¼ C2 Tð Þ Nf f
k Tð Þ1
h iβ0 Tð Þ
(4)
with
C2 Tð Þ ¼ 2:122 3:57 10
3T þ 1:329 105T2  2:502 107T3
β0 Tð Þ ¼ 0:731 1:63 10
4T þ 1:392 106T2  1:151 108T3
k1 Tð Þ ¼ 0:919 1:765 10
4T  8:634 107T2
k2 Tð Þ ¼ 0:437 3:753 10
4T  8:04 107T2
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where k1(T) and k2(T) are the frequency-exponent functions for 10
3 Hz < f < 1 Hz and
104 Hz < f < 103 Hz, respectively.
Not all strain-based creep-fatigue models follow the pattern of the frequency-modified Coffin-
Manson equation. For example, Jing et al. proposed a temperature-modified Coffin-Manson
equation (Eq. (5)) [6], wherein the temperature dependence is incorporated into the coefficient
and exponent of the Coffin-Manson equation, respectively.
∆εp=2 ¼ C3 2Nf
 β
(5)
with
C3ðTÞ ¼ 68:79 0:34T þ 250:56=
ffiffiffi
T
p
βðTÞ ¼ 1:29 0:0053T þ 2:5=
ffiffiffi
T
p
In addition, the creep-fatigue model (Eq. (6)) [7] developed by Engelmaier presents the influ-
ence of both temperature and frequency on creep-fatigue, where a logarithmic relationship
between temperature and frequency is included.
εp ¼ C4Nfβ0 T;fð Þ (6)
with
β0 T; f
  ¼ 0:442þ 6 104T  1:74 102ln 1þ 43200fð Þ
where T is the mean temperature and f is the cyclic frequency (1 ≤ f ≤ 1000 cycles/day).
Besides temperature and frequency, applied loading also contributes to creep damage. This
factor was considered by Wong and Mai, and then they proposed a unified creep-fatigue
equation (Eq. (7)) [8] which accommodates temperature, frequency and applied loading.
εp ¼ C0s σð Þc T; fð ÞNf β0b T;fð Þ (7)
with
s σð Þ ¼
1 when creep is dormant
exp  σyieldεn0p
 
=A
h i
when creep is active
8<
:
c T; fð Þ ¼ 1 c1 T  Tref
  c2 log f =f ref
 
b T; fð Þ ¼ 1 b1 T  Tref
  b2 log f =f ref
 
where n’ is the cyclic hardening index, A, c1, c2, b1 and b2 are the positive constants, Tref is the
reference temperature below which creep becomes dormant and fref is the reference frequency
above which creep becomes dormant.
Creep74
Overall, the existing creep-fatigue formulations were developed through limited empirical
data for specific materials, and not all models accommodate both temperature and frequency
dependencies. Consequently these derivations and models may not be extended to predict
fatigue life for multiple temperatures, frequencies or different materials, thus cannot present a
unified characteristic. Theoretically, the existing models may show the unified characteristic by
recalculating the coefficients for each new material encountered. However, this would merely
provide a numerical model without a fundamental physical theory. Furthermore such an
approach would be poor economy due to the empirical effort involved.
In addition, these existingmodels only describe creep-fatigue behavior, and cannot cover the full
range of conditions from pure fatigue to pure creep. Taking Solomon’s equation as an example,
the pure-fatigue condition is presented by letting C1(T)f
β(1 k) =C0. When the extreme frequency
is imposed, f!∞, the functions C1(T) becomes infinitely small, which causes T!∞. This does not
agree with the general understanding of pure fatigue, where the temperature should be lower
than 35% of themelting temperature [9]. The pure-creep condition is presented by putting ε p = 0.
This is satisfied by letting C1 = 0, which returns T = 172
C. This implies creep-rupture only occur
when the temperature closes tomelting temperature (186C for 60Sn40Pb), which does not agree
with general understanding that creep is active at much lower temperature [9].
Furthermore, the existing creep-fatigue equations were derived from the method of curve
fitting, where more coefficients were introduced to achieve high quality of fitting to empirical
data. When these models are applied to describe creep-fatigue behavior for another material, a
large amount of empirical effort is involved to get high fitting accuracy. In this case the out-
comes are strongly sensitive to the quality and quantity of empirical data.
Finally, per Section 2, these disadvantages are significant in the case of engineering design,
where decisions (such as material selection) must be made on incomplete information. Conse-
quently, the existing methods are often not applicable to practical design process except in
narrowly defined areas.
These limitations have been recently improved by the strain-based unified creep-fatigue equation
[10, 11]. The next sections describe the advantages of this new model, and present a case study
illustrating its applicability to engineering design.
4. Description of the strain-based unified creep-fatigue equation
The strain-based unified creep-fatigue equation (Eq. (8)) [10, 11] is based on the underlying
physical mechanisms of fatigue and creep. It provides a linear relationship between tempera-
ture and applied loading, based on the observation of creep-diffusion phenomenon [12], and it
includes a power-law relation between number of cycles and applied loading which is consis-
tent with crack-growth behavior [13]. Structurally, this formulation presents an extension of
the Coffin-Manson equation, and the creep effect is numerically incorporated based on the
concept of fatigue capacity. This equation includes the variables of temperature, cyclic time and
applied loading, and proposes that the full fatigue capacity is gradually consumed by the
elevated temperature and prolonged cyclic time. The strain form is:
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εp ¼ C0c σ;T; tcð ÞN
β0 (8)
with
c σ;T; tcð Þ ¼ 1 c1 σð Þ T  Tref
 
 c2 log tc=tref
 
T  Tref ¼
T  Tref for T ≥Tref
0 for T ≤Tref
8<
:
tc=tref ¼
tc=tref for tc ≥ tref
1 for tc ≤ tref
8<
:
where εp is the plastic strain, N is the creep-fatigue life, T is the temperature, tc is the cyclic
time, Tref is the reference temperature and is defined as 35% of melting temperature where the
creep is active [9], tref is the reference cyclic time and is suggested as a small value, C0 and β0 are
the constants which reflect the full fatigue capacity and c1(σ) and c2 are the creep-related
function and constant, respectively.
Function c1(σ) and constant c2 are derived from creep-rupture tests which give the relationship
of the Manson-Haferd parameter [14] against applied loading (σ), and the convergence point
(logta, Ta) of all logt-T lines at different stresses. Then, the pure-creep condition (εp = 0) gives the
formula of constant c2 (Eq. (9)) through letting T = Tref, and suggests function c1(σ) (Eq. (10))
through letting tc = tref.
c2 ¼
1
log ta=tref
  (9)
c1 σð Þ ¼ 
c2
PMH σð Þ
(10)
For the same amplitude of applied loading, the creep damage caused by constant stress is
significantly larger than the damage resulting from reversed loading [15], thus a moderating
factor fm is introduced to compress the constant stress, then this presents an equivalent creep
damage for the cyclic situation. This moderating factor is determined by the shape of loading
wave, and is defined as the ratio of the average level to the peak value of applied cyclic
loading. In this case, fm is normally given as 0.6366 for the sinusoidal wave and 0.5 for a
triangular wave. Then, with the strain-stress relation, function c1(σ) is converted into the form
in terms of plastic strain (Eq. (11)):
c1 σð Þ ¼ 
c2
PMH σð Þ
! 
c2
PMH εPð Þ
¼ 
c2
PMH fm∙K T; tcð Þ∙εP
n T;tcð Þ
  (11)
where K(T, tc) and n(T, tc) are the strength coefficient and strain hardening exponent for cyclic-
loading situation, respectively, and they are functions of temperature and cyclic time.
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Finally, creep-fatigue data are applied to obtain the magnitudes of C0 and β0 through minimiz-
ing the error (Eq. (12)) between the predicted creep-fatigue life (Npre, ij) and experimental
results (Nexp, ij):
error ¼
X
i, j
logNpre, ij  logNexp , ij
 2
(12)
5. Evaluation of creep-fatigue models for design
Next we show that the strain-based unified creep-fatigue equation is applicable to multiple
situations, covers the full range of fatigue-to-creep, and provides an economical method for
engineering design. Comparing with the existing models, this new model shows significant
advantages on these three areas.
5.1. The unified characteristic
Generally, the existing creep-fatigue models shown in Section 3 present good ability of
fatigue-life prediction in the field where they were derived. However, the accuracy reduces
when these models are extended to other materials at multiple temperatures and cyclic
times. This limitation is improved by the strain-based creep-fatigue equation, which presents
a general formulation based on physical mechanisms of fatigue and creep. Theoretically, the
existing creep-fatigue models may also present unified characteristic through recalculating
the coefficients for different materials, but the economy becomes poor which is not desired
for engineering design.
The unified characteristic for the strain-based unified creep-fatigue equation is validated
on multiple materials (including low melting temperature material: 63Sn37Pb solder,
and high melting temperature materials: stainless steel 304, Inconel 718 and GP91 casting
steel) at multiple temperatures and cyclic times. The coefficients of the unified formulation
for these materials are obtained by the method shown in Section 4, and the results are
presented below.
5.1.1. 63Sn37Pb solder
The coefficients of the unified formulation for 63Sn37Pb solder is shown in Table 1 based on
the creep-rupture data [16] and creep-fatigue data [5]. This material was validated in our
previous research [11], but the coefficients are recalculated here since the derivation method
was further improved in the present work.
C0 β0 c2 Tref (K) tref (s) fm Convergent point Average error
7.894 0.825 0.1215 160 1 0.6366 (160 K, 8.232) 0.003301
c1(σ) 9.9586 10
4 + 1.01122 104 ∙ fm ∙σ + 8.09657 10
7
∙ fm
2
∙σ2
Table 1. Coefficients of the unified formulation for 63Sn37Pb solder.
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5.1.2. Stainless steel 304
The coefficients of the unified formulation for stainless steel 304 is shown in Table 2 based on
the creep-rupture data [17] and creep-fatigue data [18].
5.1.3. Inconel 718
The coefficients of the unified formulation for Inconel 718 is shown in Table 3 based on the
creep-rupture data [19] and creep-fatigue data [20].
5.1.4. GP91 casting steel
The coefficients of the unified formulation for GP91 casting steel is shown in Table 4 based on
the creep-rupture data [21] and creep-fatigue data [22].
The validation on the above four materials shows that the strain-based unified creep-fatigue
equation has the ability to cover multiple materials and presents good fatigue-life prediction at
multiple temperatures and cyclic times. Structurally, Wong and Mai’s equation also provides a
general form, thus may have chance to present unified characteristic. In particular, the coeffi-
cients are not fixed across multiple materials, hence have to be determined in each case. The
investigation indicates that Wong and Mai’s equation presents smaller average errors on the
materials of 63Sn37Pb solder (0.000284), stainless steel (0.002810) and Inconel 718 (0.001585)
than the unified formulation. Normally, the equation with more coefficients has better fitting
for empirical data. This is the main reason for smaller average error shown by using Wong and
Mai’s equation.
C0 β0 c2 Tref (K) tref (s) fm Convergent point Average error
0.8524 0.578 0.0666 600 1 0.5 (600 K, 15.01) 0.004257
c1(σ) 8.5843 10
4 + 9.74017 106 ∙ fm ∙ σ 1.86542 10
8
∙ fm
2
∙σ
2
Table 2. Coefficients of the unified formulation for stainless steel 304.
C0 β0 c2 Tref (K) tref (s) fm Convergent point Average error
0.6879 0.667 0.0547 610 1 0.6366 (610 K, 18.28) 0.00876
c1(σ) 9.51808 10
4 + 1.20344 105 ∙ fm ∙ σ 1.75045 10
8
∙ fm
2
∙σ
2
Table 4. Coefficients of the unified formulation for GP91 casting steel.
C0 β0 c2 Tref (K) tref (s) fm Convergent point Average error
0.5658 0.608 0.0782 560 1 0.6366 (560 K, 12.78) 0.008643
c1(σ) 2.7679 10
3
 4.12347 106 ∙ fm ∙σ + 3.91221 10
9
∙ fm
2
∙σ
2
Table 3. Coefficients of the unified formulation for Inconel 718.
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Theoretically, the equations of Coffin’s, Solomon’s, Shi’s, Engelmaier’s and Jing’s may also have
opportunity to present the unified characteristic through transforming them into general
formulations. For example, Solomon’s equation is rewritten as:
εp ¼ C1 Tð Þ Nf f
k1
 β0
(13)
with
C1 Tð Þ ¼ aþ bT þ cT
2 þ dT3
where a, b, c, d, k and β0 are the constants obtained from experiments. Then, this modified
formulation gives small errors (such as 0.000529 for 63Sn37Pb and 0.00103 for stainless steel
316), and even present better fatigue-life prediction than the unified formulation at some
situations.
However, we cannot conclude that Wong and Mai’s equation and those modified formulations
are better than the strain-based unified creep-fatigue equation. To be specific, it is significant
that Wong and Mai’s equation and those modified formulations are introduced as many as
coefficients to get good quality of fitting (such as seven independent coefficients for Wong and
Mai’s equation), thus the representation of creep-fatigue behavior is a numerical-based method
and the accuracy highly relies on the number of empirical data. This means that more empir-
ical data gives more accurate prediction, and thus poor economy is presented. However, only
two independent coefficients in the unified formulation are derived by curve fitting. This
implies less experimental effort is needed, and then a more economical method for fatigue-life
prediction is given. This will be discussed in Section 5.3.
Overall, comparing with other existing creep-fatigue models, the strain-based unified creep-
fatigue equation provides a better method for fatigue-life prediction at multiple situations,
wherein the small average errors are given and the unified characteristic is proved.
5.2. The integrated characteristic
The integrated characteristic refers to the ability to cover full range of conditions from pure-
fatigue condition to pure-creep condition. According to the concept of fatigue capacity, the full
fatigue capacity (the pure-fatigue condition) is continuously consumed by the increasing creep
effect to the condition of creep-fatigue, and finally to the pure-creep condition as the fatigue
capacity is completely consumed. The comparison between different creep-fatigue models on
the integrated characteristic is collected in Table 5 [23].
Normally, the creep effect presents the dependence on temperature, cyclic time and applied
loading, thus the creep-fatigue model should accommodate these relevant variables to show a
good description of creep-fatigue. However, creep effect in the existing creep-fatigue models
shown in Section 2 cannot be totally presented, specifically, only the temperature and cyclic time
are included into the equations proposed by Solomon, Shi et al., and Engelmaier, only the cyclic
time is presented in Coffin’s equation and only the temperature is shown in Jing’s equation.
A Unified Creep-Fatigue Equation with Application to Engineering Design
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While, Wong and Mai’s equation and the unified formulation accommodate these three vari-
ables, thus they are believed to have a better fatigue-life prediction at the creep-fatigue condition
(accuracy has been shown in Section 5.1). Further investigation of stress-related functions in
these two equations shows that function c1(σ) in the unified formulation is directly derived from
creep-rupture behavior, but is not for Wong and Mai’s equation. Therefore, the strain-based
unified creep-fatigue equation theoretically has better presentation of creep effect.
In addition, a good creep-fatigue equation also should be capable of covering two ends of creep-
fatigue condition: pure-fatigue condition and pure-creep condition. However, the equations
proposed by Coffin, Solomon, Shi et al., Jing, Engelmaier, and Wong and Mai do not totally
satisfy this condition. On the one hand, the condition of pure fatigue is presented by letting
C1(T)f
β(1 k) =C0(C0 is the ductility coefficient at pure-fatigue condition) for Solomon’s equation,
C2(T)f
β[1 k(T)] =C0 for Shi’s equation and β0 T; f
 
¼ β0 (β0 is the ductility exponent at pure
fatigue condition) for Engelmaier’s equation. When the extreme frequency is imposed, f!∞,
the functions Ci(T) and β0 T; f
 
become infinitely small, which causes T!∞. In addition, the
temperature component is not shown in Coffin’s equation, thus the activation of creep effect in
terms of temperature is ignored in this equation. These do not agree with the general under-
standing of pure fatigue, where the temperature should lower than 35% of melting temperature
[9]. For Jing’s equation, the derivation of function C3(T) is based on the material of 80Au/20Sn
solder, thus a low temperature (where the creep effect is dormant) may return a reasonable
value to describe full fatigue capacity. While, when this equation is applied on steel, function
C3(T) yields to an impossible negative value since the temperature at the pure-fatigue condition
is much higher than the situation for solder. However, the pure-fatigue condition can be well-
presented by both Wong & Mai’s equation and the strain-based unified creep-fatigue equation
through letting T = Tref and t = tref, where they can be restored to the Coffin-Manson equation.
On the other hand, the condition of pure creep is presented by letting εp = 0. This condition
cannot be satisfied by the equation of Coffin, because the coefficient C and exponent β0 are
constant, which leads to impossible zero time or zero frequency. In addition, for the equation of
Creep-fatigue models Pure fatigue Creep-fatigue Pure creep
Coffin’s equation (Eq. (2)) X √ X
Solomon’s equation (Eq. (3)) X √ X
Shi’s equation (Eq. (4)) X √ X
Jing’s equation (Eq. (5)) X √ X
Engelmaier’s equation (Eq. (6)) √ √ X
Wong & Mai’s equation (Eq. (7)) √√ √√ X
Unified creep-fatigue equation (Eq. (8)) √√ √√ √√
√√: This equation can well describe the phenomena of this condition.
√: This equation can partly describe the phenomena of this condition.
X: This equation cannot describe the phenomena of this condition.
Table 5. The capacity of integrated characteristic.
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Engelmaier, the pure-creep condition is satisfied by letting β0 T; f
 
!+∞, which implies T!+∞.
The pure-creep condition for the equations proposed by Solomon, Shi et al. and Jing et al. is
satisfied by letting C1 = C2 = C3 = 0, which returns T = 172, 198 and 249
C, respectively. The
Solomon’s and Jing’s equations imply that creep-rupture only occur when the temperature
closes to melting temperature (186C for 60Sn40Pb solder and 280C for 80Au/20Sn solder),
while Shi’s equation suggests that creep-rupture only occur above melting temperature
(183C). The creep activation temperatures obtained from these four creep-fatigue equations
do not agree with general understanding of creep, where creep is active at 35% of melting
temperature. Although Wong and Mai’s equation has a good description for pure fatigue, it
cannot present pure-creep condition entirely. This is because letting s(σ)c(TR, fR) = 0 cannot
deduce any well-known time-temperature parameters, such as the Larson-Miller parameter
[24], the Sherby-Dorn parameter [25] and the Manson-Haferd parameter [14]. However, the
Manson-Haferd parameter can be well-presented through letting c(σ,T, tc) = 0 for the strain-
based unified creep-fatigue equation.
Overall, comparing with other existing creep-fatigue models, the strain-based unified creep-
fatigue equation can cover the full range of conditions from pure fatigue to pure creep. Specif-
ically, this equation has capability to model pure fatigue at c(εp,T,tc) = 1 where this equation is
restored to the Coffin-Manson equation, model pure creep-rupture at c(εp,T,tc) = 0 where this
equation is transformed to the Manson-Haferd parameter, and model creep-fatigue damage at
0 ≤ c(εp,T,tc) ≤ 1 where the creep effect is influenced by temperature, cyclic time and applied
loading.
5.3. The economy
Engineering design of fatigue-life evaluation always requires good performance on both accu-
racy and economy [26]. The accuracy has been shown in Section 5.1 and the economy will be
discussed in this section, where Wong and Mai’s equation is select to compare with the strain-
based unified creep-fatigue equation in terms of economy. The results show that the unified
formulation provides a more economical method for fatigue-life prediction because the mini-
mum experimental effort is involved.
Normally, the accuracy to predict or fit a distribution (or a trend) by a numerical formulation
partly depends on the number of coefficients, which implies that the formulation with more
coefficients presents better fitting [27]. However, this factor is not isolated, and is strongly
related to the number of data points. Specifically, the more coefficients are introduced, then the
more data points are needed to pick up, and then the better fitting can be gotten. This does not
mean that a good formulation should contain as many as coefficients because this may lead to
redundancy on the empirical effort. Therefore, is very important for deriving a formulation to
keep a good balance between accuracy and consumption. In this case, the strain-based unified
creep-fatigue equation satisfies this requirement.
As mentioned in Section 5.1, Wong and Mai’s equation has seven independent coefficients
which are totally obtained through numerical method, but only two independent coefficients
are included in the unified formulation. This suggests that more empirical data are needed to
A Unified Creep-Fatigue Equation with Application to Engineering Design
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give better fitting for Wong &Mai’s equation, but this result in poor economy since performing
a large number of creep-fatigue experiments is expensive and time-consuming. This signifi-
cantly is not a good choice for engineering design due to the undesirable high cost. However,
when less creep-fatigue tests are involved to control the total cost, the accuracy for fatigue-life
prediction remarkably reduces. This limitation is improved by using the strain-based unified
creep-fatigue equation, where a better balance between accuracy and economy is given. The
comparison between Wong and Mai’s equation and the unified formulation on the accuracy of
prediction in terms of empirical-data number is shown in Table 6, where the materials of
63Sn37Pb and stainless steel 304 are investigated.
Taking 63Sn37Pb solder as an example, Table 6 shows that Wong and Mai’s equation
gives better accuracy on fatigue-life prediction than the unified formulation when all eight
groups of creep-fatigue data are imposed, wherein the average errors are 0.000284 for
Wong and Mai’s equation and 0.003301 for the unified formulation. Then, three groups of
creep-fatigue data (T = 233 K, tc = 1 s; T = 298 K, tc = 10s; T = 298 K, tc = 1000s) were
selected to extract the coefficients, and the numerical method still yields to quite small
errors for fitting. However, when Wong and Mai’s equation with the coefficients obtained
at this stage is extended to predict fatigue life at total eight creep-fatigue situations, a poor
accuracy is given, where the average error dramatically worsens to 0.2445 from 0.000284.
This undesirable result is significantly improved by the strain-based unified creep-fatigue
equation, wherein the difference between the average errors of fatigue-life prediction
under two situations is very small (specifically, 0.003301 for the coefficients obtained from
eight groups of creep-fatigue data and 0.00355 for the coefficients obtained from three
groups of data). This implies that less creep-fatigue experiments may be involved to
obtain the coefficients of the unified formulation, and the accuracy of fatigue-life predic-
tion by using Wong and Mai’s equation is more sensitive on the number of empirical data.
Consequently, the unified equation provides a more economical method for engineering
design because of the reduced number of creep-fatigue experiments. This result is further
demonstrated by the material of stainless steel 304, and the average errors under two
situations are shown in Table 6.
Overall, it is clear that the better fatigue-life prediction provided by Wong and Mai’s equation
(also other modified formulations from the original equations of Coffin’s, Solomon’s, Shi’s,
Engelmaier’s and Jing’s) is obtained through sacrificing economy. However, the strain-based
Materials Number of data to derive coefficients Average errors on predict fatigue life
Wong & Mai’s equation Unified creep-fatigue equation
63Sn37Pb 8 groups of data 0.000284 0.003301
3 groups of data 0.2445 0.00355
Stainless steel 304 7 groups of data 0.002810 0.004257
3 groups of data 0.4684 0.007199
Table 6. Accuracy of prediction in terms of empirical-data number.
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unified creep-fatigue equation provides a more practical method of fatigue-life evaluation for
engineering design, wherein a good balance between accuracy and economy is achieved.
The research conducted by Manson indicated that the Coffin-Mansion equation can be modi-
fied to a universal slops formulation (Eq. (14)) through introducing the ductility (D) based on
the observation of 47 materials [28]:
∆εp ¼ 0:547D
0:43Nf
0:5 (14)
Significantly, the coefficients of this equation can be directly derived from material properties,
thus no fatigue test is involved. This remarkably reduces the cost spent on experiments, and
thus could be introduced to simplify the unified creep-fatigue equation to eliminate creep-
fatigue test. According to the empirical data on the materials of Stainless steel 316, Stainless
steel 304, Inconel 718 and GP91 casting steel, the simplified formulation is presented as
(Eq. (15)):
∆εp ¼ 0:8965D
0:3998c σ;T; tcð ÞNf
0:629 (15)
This simplified form provides an easy way to extract the coefficients without any creep-fatigue
tests, and only creep-rupture tests are needed. Therefore, a more economical method of
fatigue-life prediction is proposed. This formulation could be further modified and improved
if more materials are investigated. However, the solder materials are not included in this
simplified form because solder materials present quite different material properties from
carbon-based materials, where they has more significant deformation at break and higher full
fatigue capacity [29, 30]. Therefore, the solder materials should be separately discussed to
develop a simplified formulation.
6. Design application: case study for gas turbine blisk
Evaluation shown in Section 5 indicates that the strain-based unified creep-fatigue equation
presents good characteristics on unifying, integration and economy. This provides an effec-
tive and efficient creep-fatigue method for engineering design at initial stage, such as mate-
rial selection, structure optimization and boundary-condition determination. Generally,
during the process of design, the coefficients of this unified formulation can be extracted
through minimum experimental effort. Then, the coefficients can be applied to numerically
evaluate creep-fatigue under service condition. In addition, finite element analysis (FEA) is
frequently applied to conduct numerical analysis of creep-fatigue in different engineering
components, such as heat exchanger [31, 32], turbine blade [33–35] and electronic package
[36, 37]. In this case, the coefficients obtained from the unified equation also can be imported
into FEA software to reduce the complexity of analysis.
A gas turbine blisk works under high temperature, and experiences repeated starting up and
shutting off. This is a typical creep-fatigue situation, where damage is caused by the combination
of creep effect and fatigue effect. In this case study, the theory of highly accelerated life test is
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accepted to make a selection of material. In particular, the strain-based creep-fatigue equation is
used to obtain the creep-fatigue-related parameters for the evaluation of creep-fatigue damage.
6.1. Methodology for fatigue-based design
This case study is based on the theory of highly accelerated life test, which is used at the initial
stage of design to improve the reliability of product, such as the selection of material, the
optimization of structure, and the decision of manufacturing processes. Normally, the acceler-
ated life test is done through intensifying the influence of stress-related factors on life. There-
fore, the prediction of fatigue life and creep-rupture time in this case study cannot present the
real value for the failure at the operation condition, but can provide effective guidance for
engineering design, for example, differentiating between different candidate solutions.
6.1.1. Loading characteristics
Generally, the total damage is accumulated by the fatigue damage caused by repeated process
of starting up and shutting off, the creep damage due to elevated temperature and the damage
results from vibration. Therefore, the creep-fatigue evaluation based on each operational unit
is divided into three parts: regular-loading fatigue partition (repeated process of starting up
and shutting off), creep partition (elevated temperature) and irregular-loading partition (vibra-
tion) (Figure 1).
The partition which includes vibration is not considered because the amplitude of this
irregular-loading is so small that can be ignored. Therefore, this evaluation focuses on the
regular-loading partition and creep partition. The fatigue damage is caused by the repeated
process of starting up and shutting off, and the maximum loading appears at the 100%
rotational velocity. The waveform for the loading is triangular. The cyclic time is arbitrarily
Figure 1. The partition of creep-fatigue.
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defined as 1 s, which is also defined as the reference cyclic time for the strain-based creep-
fatigue equation. Significantly, this small cyclic time is much smaller than the real situation,
where the gas turbine blisk is impossible to start up and then shut off within 1 s. However, the
choice of frequency does not influence the result of stress/strain distribution for FEA. In
addition, the constant loading for creep damage at elevated temperature is defined as the
applied loading at the maximum rotational velocity.
6.1.2. FEA approach
FEA methods such as ANSYS can accommodate creep, fatigue and creep-fatigue but only with
data. Normally, FEA-based creep-fatigue evaluation [33, 34, 38] is based on the exploration of
creep and fatigue behavior by experiments, where the relationships of creep strain versus time
and applied loading versus fatigue life are imported into FEA software as engineering data to
simulate creep-fatigue behavior. Then, the simulation is conducted under cyclic loading and
elevated temperature. Generally, this is a complex process. This is firstly because the amount of
empirical experiment required, especially the need to redo the creep test when the applied
loading is changed. In addition, the introduction of a creep effect may result in non-
convergence for FEA, and then the analysis settings may need to be repeatedly modified to
get solution convergence. This makes it difficult to apply FEA to early design stages where the
creep-fatigue material properties are not yet established empirically.
However, the complexity can be improved through using the strain-based unified creep-fatigue
equation (Eq. (8)). Specifically, this new formulation is used to get the creep-fatigue-related
coefficients under the service condition, then these coefficients are introduced into FEA as the
engineering data. The key concept is that equation provides a method to transfer the creep effect
into the creep-fatigue-related coefficients. Therefore, FEA can be conducted without the need to
obtain explicit creep data. This significantly reduces the complexity of simulation. This process of
substitution is described below.
The process is that the unified equation gives the creep-fatigue-related coefficients for the
candidate materials under consideration. Then, the coefficients were input into ANSYS as
engineering data to evaluate fatigue life. The next stage was to take the maximum stress and
strain obtained from FEA and substitute into Morrow’s equation. This provides another esti-
mate of the fatigue life. Finally, the results obtained by the two methods were compared, and
design implications identified. The FEA stress and strain results were also used to evaluate the
creep damage using the Manson-Haferd parameter. This gives an estimate of the creep-rupture
time for the creep part of the loading. The evaluation was conducted on Inconel 718 and GP91
casting steel, and the ideal material should have good performance on both fatigue and creep.
6.2. Selection of material
6.2.1. Geometry
The geometry (Figure 2) of gas turbine blisk was structured by Solidworks [39], and one of
blades was selected to conduct FEA by using ANSYS WORKBENCH. The key dimension is
shown in Table 7.
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6.2.2. Service condition
The turbine blisk is working under cyclic loading and elevated temperature, and the service
condition is tableted in Table 8:
6.2.3. Coefficients for creep-fatigue condition and material properties
According to the coefficients of the strain-based unified creep-fatigue equation for the mate-
rials of Inconel 718 shown in Table 3 and GP 91 casting steel shown in Table 4, the fatigue-
related coefficients at 811 K which can be input into ANSYS as engineering data are presented
in Table 9:
In addition, the material properties of Inconel 718 [40] and GP91 casting steel [22] at 811 K are
shown in Table 10:
6.2.4. Loading
The centrifugal force, tangential force and axial force to blades are the main loadings which
cause creep-fatigue damage at elevated temperature during the repeated process of starting up
and shutting off. The maximum loading is calculated at the situation of 100% rotational
velocity.
Figure 2. Geometry.
No. Items Dimensions
1 R1 (the distance from center to tip of the blade) 469 mm
2 R2 (the distance from center to root of the blade) 295 mm
3 Number of blades 24
4 The outlet anger for mean cross section 30
5 The area of mean cross section 3036.45 mm2
Table 7. Key dimension of geometry.
Rotational velocity (n) Temperature (T) Mass flow rate ( _M ) Nozzle angle (α)
3000 rpm 811 K (538C) 31.6 kg/s 14
Table 8. Service condition.
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6.2.4.1. Centrifugal force
The centrifugal force can be obtained through Eq. (16) [35]:
Fc ¼ 0:5ρAω
2 R1
2  R2
2
 
(16)
where Fc is the centrifugal force, ρ is the density, A is the area of cross section and ω is the
rotational velocity in rad/s. With the rotational velocity (3000 rpm), the magnitude of ω is
given by Eq. (17):
ω ¼ 2pin=60 ¼ 2pi 3000=60 ¼ 314:2 rad=s (17)
Then, the centrifugal force is presented by Eq. (18):
Fc ¼ 0:5 8220 0:00303645 314:2
2  0:4692  0:2952
 
¼ 163780:776 N (18)
6.2.4.2. Tangential force and axial force
The tangential force and axial force are calculated through velocity triangle (Figure 3) [33],
which is a well-accepted method for the force calculation of blade.
The mean cross section is selected to calculate the tangential force and axial force, and the
results in velocity triangle are shown in Table 11.
Then, the tangential force (Ft) is give as (Eqs. (19) and (20)):
Ft ¼ _M∆vx ¼ 31:6 240:1667þ 236:17ð Þ ¼ 15052:23972 N (19)
Ft=blade ¼ 15052:23972=24 ¼ 627:177 N (20)
and the axial force (Fa) is presented as (Eqs. (21) and (22)):
Materials Strain-life relation ∆εp/
2 =C(2Nf)
β
Stress-life relation ∆σ/
2 =σ(2Nf)
b
Strain–stress relation ∆σ/2 =K
(∆εp/2)
n
C β σ b K n
Inconel 718 0.4828 0.636 851.6 0.09178 946 0.1443
GP91 casting steel 0.5093 0.662 382 0.0422 398.5 0.0638
Table 9. The creep-fatigue-related coefficients for Inconel 718 and GP91 casting steel.
Material Density (kg/m3) Yield stress (MPa) Tensile stress (MPa) Young’s modules (MPa)
Inconel 718 8220 1069 1276 179,000
GP91 casting steel 7700 342 402 161,500
Table 10. Material properties of Inconel 718 and GP91 casting steel.
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Fa ¼ _M∆vy ¼ 31:6 67:0645 59:8878ð Þ ¼ 226:78372 N (21)
Fa=blade ¼ 226:78372=24 ¼ 9:449 N (22)
6.2.5. The evaluation of fatigue damage
6.2.5.1. Finite element analysis results
The finite element analysis is conducted through nonlinear analysis method [34, 35, 38]. The
creep-fatigue-related coefficients from Table 9 and the material properties from Table 10 are
input into ANSYS WORKBENCH as engineering data. The boundary condition (force)
presented in Section 6.2.4 is imposed. Finally, the maximum stress, maximum total strain and
fatigue life are given. The results are tabulated in Table 12, and fatigue-life prediction is shown
in Figure 4 for Inconel 718 and Figure 5 for GP91 casting steel.
6.2.5.2. Predicted fatigue life through Morrow’s equation
Based on the stress and strain obtained from FEA, the fatigue life can be calculated through
Morrow’s equation (non-zero-mean-stress condition) (Eq. (23)) [38, 41]:
Figure 3. Velocity triangle for blade.
In the inlet triangle In the outlet triangle
vb (m/s) v1 (m/s) β1 vr1 (m/s) vx1 (m/s) vy1 (m/s) vr2 (m/s) β2 vx2 (m/s) vy2 (m/s)
120.01 247.55 26.5190 134.129 240.197 59.888 134.129 300 67.065 236.17
Table 11. The results in velocity triangle.
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εt ¼ 3:4
σs  σm
E
	 

Nf
0:12
þ C0
0:6Nf
0:6 (23)
where εt is the total strain, σs is the tensile stress, E is the Young’s modulus, C0 is the fatigue
ductility coefficient based on ∆εpN relation and σm is the mean stress which is defined as the
half of the maximum stress obtained from FEA.
Substituting Eq. (23) with the values obtained from FEA gives the results: Nf=2440 for Inconel
718 and Nf=348 for GP91 casting steel.
Materials Maximum stress Maximum total strain Minimum fatigue life
Inconel 718 1311.8 MPa 0.011597 2350 cycles
GP91 casting steel 755.27 MPa 0.029661 327 cycles
Table 12. FEA results for Inconel 718 and GP91 casting steel.
Figure 5. The fatigue life distribution for GP91 casting steel.
Figure 4. The fatigue life distribution for Inconel 718.
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6.2.5.3. Comparing the results
The fatigue damage is evaluated through both FEA and the Morrow’s equation, and the results
are provided in Table 13. The error between these two results is given by Eq. (24).
error ¼
NfMorrow NfFEA
NfFEA
 100% (24)
As shown in Table 13, the fatigue life obtained through Morrow’s equation is higher than the
result obtained from FEA. This may be because the influence of mean stress is removed from
the second term (plastic strain), and thus reduces the mean-stress effect on fatigue capacity and
obtains a longer fatigue-life prediction. The FEA results are more conservative, and most
designers would want to proceed with them rather than the Morrow’s results.
6.2.6. The evaluation of rupture time due to creep damage
According to the FEA results, the maximum plastic strain (0.005406 for Inconel 718 and
0.02498 for GP91 casting steel) can be obtained, and it could then be transformed to stress
(445.4 MPa for Inconel 718 and 314.9 MPa for GP91 casting steel) by the stress-strain relation
(Table 9). Finally, the stress is used to get the rupture time through the Manson-Haferd
parameter (PMH) obtained during the process of extracting the coefficients of the unified
formulation. The results are shown in Table 14.
6.2.7. The design decision
The evaluation of fatigue damage (fatigue partition) and creep damage (creep partition) is
collected in Table 15. The results indicate that Inconel 718 has better fatigue and creep capacity
than GP91 casting steel. Therefore, Inconel 718 would be recommended as the material to take
forward into the next stages of design. In safety critical situations, it would still be prudent to
conduct the empirical creep-fatigue tests to validate the selection. However, it will be appreciated
that conducting such tests for one material for the purposes of validation is more efficient than
conducting the same tests for all candidate materials—some of which will not be taken forward.
Materials FEA-based results Morrow-based results Error
Inconel 718 2350 cycles to failure 2440 cycles to failure 3.83%
GP91 casting steel 327 cycles to failure 348 cycles to failure 6.42%
Table 13. The results obtained through FEA and the Morrow’s equation.
Materials PMH 1/PMH– σ relation Rupture time
Inconel 718 0.0218 5.0 108σ2 + 5.27 105σ 3.5375 102 5588 hours
GP91 casting steel 0.0549 3.2 107σ2 2.2 104σ 1.74 102 4791 hours
Table 14. Creep damage for Inconel 718 and GP91 casting steel at 811 K.
Creep90
7. Limitation
The strain-based unified creep-fatigue equation was developed for the situation of zero-hold-
time cyclic loading. In this case, fatigue makes more contribution than creep on failure [42],
because total time is too small to produce remarkable creep damage. However, for the cyclic
loading with hold time, the creep effect gradually intensifies as the hold time increases. Then,
creep damage makes more contribution and the failure finally occurs due to a creep effect.
Therefore, at the situation with short hold time, the unified formulation may still present a
reasonable prediction of fatigue life, but the accuracy of this prediction may become worse
when the hold time is prolonged.
8. Conclusion
The unified creep-fatigue equation (Eq. (8)) presents an effective and efficient method for
engineering design. The advantages of this equation are:
1. Better fatigue-life prediction formultiple temperatures and cyclic times formultiple materials.
2. Ability to cover the full range of conditions from pure fatigue to pure creep.
3. Good economy since the coefficients may be determined through minimum experimental
effort. Especially, a simplified form is presented where the coefficients can be obtained
from simple creep-rupture tests without need for any creep-fatigue tests.
4. Applicability to engineering design and FEA.
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